The theory of spin exchange between optically pumped alkali-Inetal atoms and noble-gas nuclei is presented. Spin exchange with heavy noble gases is dominated by interactions in long-lived van der Waals molecules. The main spin interactions are assumed to be the spin-rotation interactions yN S between the rotational angular momentum N of the alkali-metal -noble-gas pair and the electron spin S of the alkali-metal atom, and the contact hyperfine interaction aK S between the nuclear spin K of the noble-gas atom and the electron spin S. Arbitrary values for EC and for the nuclear spin I of the alkali-metal atom are assumed. Precise formal expressions for spin transfer coefficients are given along with convenient approximations based on a perturbation expansion in powers of (o. '/yX), a quantity which has been shown to be small by experiment.
I. INTRODUCTION
II1 tllls pRpcl wc discuss thc tllcoly of polarlzatlon transfer between the electron spins of alkali-metal atoms and the nuclear spins of noble-gas atoms in a gas. In 1960, Bollclllat, Carvel', Rnd Varnum s11owcd tllat flic RI1-gular momentum could be transferred from the electron spins of optically pumped Rb atoms to the nuclear spins of He in a gaseous mixture of the two elements. Unfortunately, the exchange times were extremely long, on the older of days, Rnd tllc splI1-cxcllallgc optical-pl1111plllg method was set aside in favor of the method of metastability exchange ' ' per noble-gas atom. They are broken up at a rate of (~) ' by collisions with other atoms or molecules.
tion ((10%) Fig. 2 . A source of pumping light which in Fig. 2 is a resonance lamp, but which can also be a tunable laser, is circularly polarized and is used to pump the D, transition of an alkali-metal atom. The time required to polarize the noble-gas nuclei depends on the cell temperature and on the gas pressure and composition in the cell. A few minutes of pumping are usually necessary. After the noble-gas nuclei are polarized, the subsequent evolu. tion of the polarization can be monitored by removing the circular polarizer from the lamp and observing the circular dichroism of the vapor for D& resonance light. As indicated in Fig. 2 , it is useful to adiabatically invert the nuclear spins of the noble-gas nuclei from time to time during the decay to eliminate problems due to slow drifts in the response of the detection system. A representative decay curve is shown in Fig. 3 . By analyzing the data of Fig. 3 we find that the Xe nuclei decay at a rate of 5.5&(10 sec after a loss of about 1% of the nuclear polarization per spin inversion has been taken into account. In Fig. 4 we show the measured dependence of the intrinsic decay rate of the noble-gas nuclear polarization on the alkali-metal atomic density, as deduced from the cell temperature and saturated vapor pressure formulas.
Note that the noble-gas spin-polarization rate depends linearly on the alkali-metal number density. We may thus interpret the intercept of the curve in Fig. 4 as the relaxation rate due to collision with the walls. In Fig. 5 (5) implies that less than 2% of the relaxation of (E, ) would be caused by the tensor interaction. We have therefore omitted the tensor interaction from the Hamiltonian (1), and we shall ignore the contribution of the tensor interaction to the various spintransfer rates in the subsequent discussions.
The rotational angular momentum N of (1) Since the alkali-metal atom and the noble-gas atom form molecules very infrequently, typically once every hundred seconds for a noble-gas atom, and since the more frequent binary collisions are of very short duration, typically 10 ' sec, it is an excellent approximation to write the density matrix of an alkali-metal -noble-gas pair at the instant of molecular formation, or just before a binary collision, as oo=oRboxe . (13) The initial density matrix (13) will evolve, after a time t, to~,
where U"was defined in (12) and the evolution operator for an interacting pair as
Then the rate of change of some observable quantity M, for example, the spin K, of a noble-gas nucleus, is
The interaction-picture density matrix o. is related to the Schrodinger picture density matrix p by p= U"o. U" where the evolution operator U" is related to the noninteracting Hamiltonian (10) We shall find it convenient to introduce a laboratory coordinate system (x,y,z) whose z axis lies along the direction of the external magnetic field B. The laboratory system will be used to describe the results of experimental measurements.
We shall also find it convenient to introduce an orthonormal coordinate system (g, rt, g) with the g axis defined by (8). As is shown in Fig. 8 , the g axis is tilted by an angle P from the z axis. We see that the molecular Hamiltonian (9) is axially symmetric about g if we ignore the very small terms involving gr and gK, and it will therefore be expedient to calculate wave functions of (9) 
P(t)dt=~' e ' 'dt, (30) where the projection operators are (26) where the symbols J and L can be a, b, or K, the labels of the three angular momenta which characterize the polarization of the alkali-metal and noble-gas atoms.
The spin-transfer coefficient is
The terms S(J,L) describe the spin-polarizationdependent shifts of the magnetic resonance frequencies of the alkali-metal and noble-gas atoms and they are given (27) and (28) (1) will depend appreciably on the direction of N, and the average over all directions of N reduces the tensor q (J,L) to the scalar
where the scalar coefficients are (33)
and the frequency-shift terms reduce to the vector cross
The argument of the time-evolution operators U and U" is t, the lifetime of the van (7) is comparable to the internal Larmor frequency co& of (6); i.e. , (36) For RbXe this regime occurs for fields greater than a few
where the Wigner functions are (42) The transverse spin-transfer coefficients q"(J,L) and i.e. , the density matrix of the alkali-metal atom can be written as pRb=z {43) We note that the basis states~i ) and~j ) of (39) are elgenstates of the HamlltoQlan (9). They are ax1ally symmetric about the axis g and they depend on the colatitude angle P of Fig. 8 
We have ignored the frequency-shift terms for simplicity.
The transfer coefficients q (K,IC), q(F,F), and
are given by (32) 
These operators cause transitions of the type denoted by iii in Fig. 9 (26), (47), and (48) become much simpler when the criteria (91) - (93) are satisfied. We note that the compound unitary operator of (14) and (17) 
The significance of the factors (K -K, ) and (F F, )-is discussed in Sec. XII.
In the event that transverse polarization exists, e.g. , during a magnetic resonance experiment or after a -, 'm pulse, the terms linear in r from (107) [I]
We note that the restriction to low spin polarization which was implicit in the use of the multipole expansions (20) and (22) Fig. 7 . In view of (114) we may to good ap-
The commutators in (117) Physically, Bf'f is the fraction of the angular momentum (f, ' ) originally in the multiplet f' which is transferred to the multiplet f after a collision which destroys the electron spin S of the alkali-metal atom but which does not affect the nuclear spin I. This is often called an electron randomizing collision, and it occurs for collisions of very short duration because the Hamiltonian b,H of (101) does not contain I explicitly (except possibly in a term of the form hA I. S which could contribute to the coupling of (I, ) and (S, ) at very large magnetic fields). 24 As was first pointed out by Bouchiat, the eigensolutions of (118) and (119) in the absence of noble-gas polarization corre-
These time constants correspond to an observable which Bouchiat denotes by Q, which is similar but not identical to the electron spin and to a slowly relaxing observable (I, ) which is identical to the longitudinal nuclear spin.
We refer the reader to the literature' ' for a more detailed discussion of relaxation by electron randomization.
The relaxation equation for (K, ) is much simpler and is
In the practically important case of spin-exchange equilibrium (see Sec. V) one can ignore the complicated coupled equations (118) and (119) 
The frequency-shift formulas (110) - (112) It is well known that the details of optical pumping depend on the fate of the excited I'~~2 atoms which are produced when a photon is absorbed. Here we consider an especially simple situation which is nearly realized in many of the experiments on spin-exchange optical pumping of noble-gas nuclei. We shall assume that the electronic angular momentum J of the excited I'] f2 atoIIl 1s completely randomized before the excited atom decays either by spontaneous emission or, more likely, by a quenching collision with a N2 molecule. We shall also assume that the hyperfine couplirlg in the excited state is so weak and the J-randomization time is so short that there is negligible depolarization of the nuclear spin I in the excited state. Under these conditions one can show that optical pumping is completely equivalent to spin exchange with a pseudo splrl-2 partlclc.
The equivalence of optical pumping to spin exchange for the optical-pumping conditions mentioned above can be proved with the methods outlined in Ref. 27 . However, we will give a physical plausibility argument here. In a binary spin-exchange collision the collision duration is so short compar'ed to the hyperfine period of the alkali-metal atom that the nucleus has no time to evolve during the collision and the nuclear polarization is conserved. For broad-line optical pumping the duration of a "collision" between an alkali-metal atom and a photon can be thought of as the inverse of the optical frequency linewidth of the light source or the inverse of the optical absorption linewidth of the alkali-metal atoms, whichever is shorter. We are considering a situation where the photon collisiorl duration is very short compared to the hyperfine period so the nucleus is unable to evolve during the time of a photon-atom collision. If the atoms are rapidly deexcited before the nuclear polarization can evolve under the influence of hyperfine interactions in the excited state, the collision with a photon will have no effect on the nuclear polarization.
With respect to the electron spin, we know that an alkah-metal atom with a spin-down electron can undergo a binary spin-exchange collision with a spin-up colhsion partner. There will be no interaction if the electron spin of the alkali-metal atom is parallel to that of its collision partner. Similarly, an alkali-metal atom with a spin-down electron can absorb a o+ photon of D~light but no light will be absorbed if o photons impinge on alkali-metal atoms with spin-down electrons or 0. + photons impinge on alkali-metal atoms with spinup electrons. After a spin-exchange collision between an alkali-metal atom with a spin-down electron and a sp1n-up collision partner the mean electron spin of the alkalimetal atom will be zero, so -, ' a unit of angular momentum will have been added to the alkali-metal atom. In a like manner, after a collision between a spin-down alkalimetal atom and a o+ photon the mean electron spin of the alkali-metal atom will be zero and -, a unit of angular momentum will have been added to the alkali-metal atom.
The nuclear polarization of the alkali-metal atom is changed by ground-state hyperfine interactions in the relatively long i.ntervals between spin-exchange or photon collisions.
Because of the equivalence of broad-line optical pumping with conservation of the nuclear spin polarization to spin-exchange collisions, the evolution of the observables (a, ) Fig. 11 as a function of the voltage, tanh(P/2), of (137).
For an alkah-metal atom 1n sp1n-temperature equ1hbr1-um the paramagnetic constant is c(Z, P) =2(P' -Z, ') =2(S ' -S, ') +2(I ' -I, ') {153) 
We note that the parameters y% and a will depend on the FKx. 13. Comparison between exact numerical evaluations and perturbative approximations of the spin-transfer coefficient q(E, F). Effect of assuming a distribution in the rotational quantum number X is also shown. x '=a/yN exceeds unity. However, it is straightforward to average the numerical evaluations of (32), (34), and (39) over the distribution (163) .
A comparison of the perturbation formula (82) with the numerical evaluations of (32) is shown in Fig. 12 . There is good agreement over the whole range of relative pressures p/po and the distribution of N makes little difference. A similar comparison of the perturbation formula (84) with the numerical evaluation of (32) is shown in Fig.  13 . The distribution of N lowers the relaxation rate by about 10% near the peak of the curve. In Fig. 14 we compare the perturbation formula (85) to the numerical evaluation of (32). The distribution of N causes q (F, K) to increase by nearly a factor of 2 for low third-body pressures. In Fig. 15 we compare the perturbation formula (86) for the frequency-shift coefficient s(a, K) to the numerical evaluation of (34) . There is good agreement even when the distribution of N is taken into account. From
Figs. 12 -15 we see that there is good agreement between perturbation formulas and the numerical evaluation of the coefficients in most cases, but the distribution of N can have a very large effect on the spin-transfer coefficient q (I',K) for small third-body pressures. The overall agreement is best for the coefficient q (K,K).
Studies of the slowing down of the spin-relaxation rates in a large external magnetic field, as illustrated in Fig. 6 , have played an important role in determining the rnagnitudes of the coupling constants in the Hamiltonian (1). We will define the width of a magnetic slowing-down curve like one of those in Fig. 6 as the magnetic field bH at which the relaxation rate has decreased to half of its peak value. The width AHo at very low third-body pressures is a fairly direct gauge of the spin-rotation interaction constant yN. In Fig. 16 we show a comparison of the width determined from numerical evaluation of (39) 
